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Abstract 

00 ' In the usual Aharonov-Bohm effect, representing an especial case of the Berry phase 

f^ ■ phenomenon, classical magnetic field within long and thin solenoid (or classical vector 

-vj . potential of the electromagnetic field without this solenoid) causes phase difference and 

I • I interference shape translation of the quantum propagating (external) electron. In this 

^^ ■ work we consider a variation of the usual Aharonov-Bohm effect with two solenoids suf- 

^D , ficiently close one to the other so that (external) electron cannot propagate between two 

solenoids but only around both solenoids. Here magnetic field (or classical vector potential 
of the electromagnetic field) acting at quantum propagating (external) electron represents 
S^ . the quantum mechanical average value or statistical mixture. It is obtained by wave 

H I function of single (internal, quantum propagating within some solenoid wire) electron (or 

homogeneous ensemble of such (internal) electrons) representing a quantum superposition 
with two practically non-interfering terms. All this implies that phase difference and in- 
terference shape translation of the quantum propagating (external) electron represent the 
quantum mechanical average value or statistical mixture. In this way we obtain a very 
interesting generalization of the usual Aharonov-Bohm effect and Berry phase concept. 



As it is well-known in the usual experimental arrangement corresponding to the Aharonov- 
Bohm effect [l]-[4] (representing an especial case of the Berry phase phenomenon [4], [5]) behind 
a diaphragm with two slits there is a long and very thin solenoid (placed perpendicularly, i.e. 
in the z-axis direction, to the x-O-y plane of the propagation of the (external, without solenoid 



wire and solenoid) electron passing through the diaphragm). When through the solenoid there 
is no any classical (constant) electrical current, there is neither any classical (homogeneous) 
magnetic field within the solenoid nor any classical vector electromagnetic potential without 
solenoid. In this case on the remote detection plate usual quantum interference shape, corre- 
sponding to the (external) electron (precisely statistical ensemble of the electrons) starting from 
a source, passing through both diaphragm slits and propagating externally around solenoid, will 
be detected. But, when through the solenoid there is a constant classical electrical current J 
that induces a homogeneous classical magnetic field B (directed along z-axis) proportional to J 
within the solenoid and corresponding classical vector electromagnetic potential A (whose lines 
represent the circumferences in x-O-y plane) without solenoid, a phase difference in the wave 
function of the quantum propagating (external) electron. This phase difference equals 

A. e$ eBS 

where e - represents the electron electric charge, $ - magnetic fiux through the solenoid base 
equivalent to product of the intensity of the magnetic field B and surface of the solenoid base 
S, and ^ = ^ - reduced Planck constant. Also, this phase difference causes experimentally 
measurable translation of the mentioned usual (external) electron interference shape on the 
detection plate along x-axis for value 

a iTx a a m V a m v 

where L represents the distance between diaphragm and detection plate, d - distance between 
two diaphragm slits (much larger than solenoid base radius R = (718)2) and A = — - de Broglie 
wavelength of the quantum propagating (external) electron with mass m and speed v. (It can 
be observed and pointed out that in (2) after introduction of the explicit form of the de Broglie 
wavelength Planck constant effectively disappears and (2) obtains formally a non-quantum, 
classical form.) In this way, paradoxically, it seems that classical magnetic field within solenoid 
definitely infiuences at the quantum mechanical propagation of the (external) electron without 
solenoid. This paradox can be explained by supposition that, in fact, there is infiuence of 
the classical vector potential of the electromagnetic field without solenoid at the quantum me- 
chanical propagation of the (external) electron without solenoid. But, it implies that quantum 
mechanical description of the electromagnetic phenomena by vector (and scalar) potential is 
more complete that the quantum mechanical description by magnetic (electromagnetic) field. 
In this work we shall consider a variation of the usual Aharonov-Bohm effect with two 
solenoids sufficiently close one to the other so that (external) electron cannot propagate between 
two solenoids but only around both solenoids. Here magnetic field (or classical vector potential 
of the electromagnetic field) acting at quantum propagating (external) electron represents the 
quantum mechanical average value or statistical mixture. It is obtained by wave function 
of single (internal, quantum propagating within some solenoid wire) electron (or homogeneous 
ensemble of such (internal) electrons) representing a quantum superposition with two practically 
non-interfering terms. All this implies that phase difference and interference shape translation 
of the quantum propagating (external) electron represent the quantum mechanical average value 
or statistical mixture. In this way we shall obtain a very interesting generalization of the usual 
Aharonov-Bohm effect and Berry phase concept. 



Suppose now that behind diaphragm there are two, identical, long and thin solenoids with 
the same bases (placed perpendicularly, i.e. in the z-axis direction, to the x-O-y plane of 
the propagation of the (external) electron passing through the diaphragm). Suppose, also, 
that solenoids are sufficiently close one to other so that (external) electron practically cannot 
propagate between solenoids. 

Consider situation when classical electric current Ji flows through the first solenoid wire and 
simultaneously and independently electric current J2 fiows through the second solenoid wire. 
Then within the first solenoid there is classical homogeneous magnetic field Bi proportional to 
Ji and within the second solenoid there is classical homogeneous magnetic field B2 proportional 
to J2- ft implies that through base of the first solenoid there is classical magnetic fiux $1 
proportional to Bi and through base of the second solenoid there is classical magnetic fiux 
$2 proportional to B2. Total classical magnetic fiux through surface determined by quantum 
trajectories of the (external) electron passing through the first and second diaphragm slit, $, 
is simply sum of $1 and <l>2j i-e. 

$ = $1 + $2 (3) 

It implies that total difference of the (external) electron wave function phase and total transla- 
tion of the (external) electron quantum interference shape on the detection plate along x-axis 
equal 

A0 = <^^^^^^ = A01 + A02 (4) 

L A e($i + $2) L e $i + $2 . ^. ..x 

where Axk = ^l'^)!™)^ represents the translation of the (external) electron quantum inter- 
ference shape caused by interaction with the k-th solenoid for k=l,2. So, total difference of the 
(external) electron wave function phase and total translation of the (external) electron quantum 
interference shape represent simple, classical sum of the corresponding variables through the 
first and second solenoid. 

Especially, for Ji = -J2 = f it follows Bi = -B2 = f , $1 = -$2 = f , A(/)i = -A(/)2 = 6 
and Axi = — Ax2 = e so that according to (3)-(5) $ = 0, A(j) = and Ax = 0, where 
a, 13, 7, S and e represent some value of electric current, magnetic field, magnetic fiux, phase 
difference and interference shape translation. Simply speaking, here total phase difference and 
total translation of the quantum interference shape for (external) electron equal zero. 

But consider other, principally different situation. Suppose that there is (internal) single 
electron that can arrive and stand captured in the first or second solenoid wire only after 
interaction with an (internal) electron beam splitter (e.g. pair of the Stern-Gerlach magnets or 
similar). After interaction with beam splitter, wave function of the single (internal) electron 
represents the quantum superposition of two practically non-interfering terms 

^ = Ci^l + C2^2- (6) 

First term describes the (internal) electron that arrives and stands captured in the first solenoid 
wire with probability amplitude Ci while second term describes (internal) electron that arrives 
and stands captured in the second solenoid wire with probability amplitude C2. Given proba- 
bility amplitudes or superposition coefficients satisfy normalization condition 

I |2 I I I 2 1 /r,\ 

\Ci\ + \C2\ = 1. (7) 



Also, since (internal) electron captured in one solenoid wire cannot turn out in the other solenoid 
wire \E'i and \E'2 represent practically non-interfering wave functions so that practically 

^*^2 = ^1^2 = 0. (8) 

Then, according to general definition and (6), (8), quantum mechanical total electrical current 
of the single (internal) electron equals 

i = ^(^^-^*^) = kiP.i + NV (9) 

Here jk = ^{^k-Q^ — '^%-q^) represents the quantum electric current of the single (internal) 
electron in the k-th solenoid wire for k = 1,2, where r] represents the (internal) electron coordi- 
nate. In this way total quantum mechanical electrical current of the single (internal) electron 
(9) represents the quantum mechanical average value or statistical mixture of the quantum 
mechanical electrical currents of the single electron within the first and second solenoid. 

Further consider a homogeneous statistical ensemble or simply beam of n (internal) electrons 
all described by wave function (6). Then total quantum electrical current of this ensemble J is 
given by expression 

J = nj = \ci\^nji + \c2\^nJ2 = |ci| Vi + |c2| V2 (10) 

where Jk = njk represents the ensemble electrical current in the k-th solenoid wire for k = 
1,2. In other words total quantum electrical current of the ensemble represents the quantum 
mechanical average value or statistical mixture of the currents trough the first and second 
solenoid wire. It simply implies 

B=\ci\^Bi + \c2\^B2 (11) 

$= |Ci|2$i + |c2p<l>2. (12) 

Here B, Bi, B2 represent the ensemble total quantum magnetic field, ensemble quantum mag- 
netic field in the first and ensemble quantum magnetic field in the second solenoid wire propor- 
tional to J, Ji and J2- (It can be added that, according to usual electro-dynamical formalism, 
quantum magnetic fields Bi and B2 (directed along z-axis) within two solenoids correspond 
to quantum vector potentials of the electromagnetic fields Ai and A2 (whose lines represent 
the circumferences in x-O-y plane with centers corresponding to the bases of corresponding 
solenoids) without solenoids.) Also, <l>, $i,$2 represent the ensemble total quantum magnetic 
flux, ensemble quantum magnetic flux through the base of the first and ensemble quantum 
magnetic flux through the base of the second solenoid corresponding to B, Bi, B2. In other 
words (internal) electron ensemble total quantum magnetic field and magnetic flux represent 
quantum mechanical average values or statistical mixtures of corresponding variables trough 
the first and second solenoid. 

All this implies that total translation of the wave function phase and total interference 
shape on the detection plate along x-axis of single (external) electron propagating around both 
solenoids equal 

^^ ^ . (k.pt. + hi't.) _ ^ ^^^ ^ ^ ^^^ 

n 
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where Axk = ^(§)(m)ir represents the translation of the (external) electron quantum inter- 
ference shape caused by interaction with the k-th for A; = 1,2. So, total translation of the 
wave function phase and total interference shape on the detection plate along x-axis of sin- 
gle (external) electron represent quantum mechanical average values or statistical mixtures of 
corresponding variables trough the first and second solenoid. 

It represents a result principally different from corresponding classical case (3), (4). Es- 
pecially, for |cip = |c2p = |, for Ji = —J2 = a, Bi = —B2 = /? , $1 = —$2 = 7, 
A01 = —Aphi2 = S and Axi = — Ax2 = e, where a,l3,j,S and e represent some value of 
electric current, magnetic field, magnetic flux, phase difference and interference shape transla- 
tion, (13), (14) imply 

A(f) = |cipA0i + |C2|'A02 = ls+ li-S) (15) 



Ci ^A(f)i + \c2\^A(f)2 = 


■-,^ + -,(-i} 


cipAxi + C2 ^Aa;2 = 


1 1, > 



Ax = \ci\'Axi + |c2rAa;2 = ^^ + ^i^)- (16) 

It means that with the | probability phase difference 6 and interference shape translation e 
will be detected, either that with the same probability | phase difference —6 and interference 
shape translation — e will be detected. It is principally different from corresponding especial 
classical case, previously considered, where both, total phase difference and total interference 
shape translation, are zero. 

In this way we obtain a very interesting generalization of the usual Aharonov-Bohm effect 
and Berry phase concept since we obtain here a quantum mechanical average value or statistical 
mixture of the corresponding Berry phases. 

In conclusion we can shortly repeat and pointed out the following. In the usual Aharonov- 
Bohm effect, representing an especial case of the Berry phase phenomenon, classical magnetic 
field within long and thin solenoid (or classical vector potential of the electromagnetic field 
without this solenoid) behind two slits diaphragm causes phase difference and interference 
shape translation of the quantum propagating electron. In this work we consider a variation of 
the usual Aharonov-Bohm effect with two solenoids sufficiently close one to the other so that 
(external) electron cannot propagate between two solenoids but only around both solenoids. 
Here magnetic field (or classical vector potential of the electromagnetic field) acting at quantum 
propagating (external) electron represents the quantum mechanical average value or statistical 
mixture. It is obtained by wave function of single (internal, quantum propagating within some 
solenoid wire) electron (or homogeneous ensemble of such (internal) electrons) representing a 
quantum superposition with two practically non-interfering terms. All this implies that phase 
difference and interference shape translation of the quantum propagating (external) electron 
represent the quantum mechanical average value or statistical mixture. In this way we obtain 
a very interesting generalization of the usual Aharonov-Bohm effect and Berry phase concept. 



References 



[1 

[2 

[3 
[4 
[5 



Y. Aharonov, D. Bohm, Phys. Rev. 115 (1959) 485 

M. Peshkin, A. Tonomura, The Aharonov-Bohm Effect (Springer- Verlag, New York/Berlin, 
1989) 

R. P. Feynman, R. B. Leighton, M. Sands, The Feynman Lectures on Physics, Vol. 3 
(Addison-Wesley Inc., Reading, Mass. 1963) 

D. J. Griffiths, Introduction to Quantum Mechanics (Prentice Hall Inc., Englewood Cliffs, 
New Jersey, 1995) 

M. V. Berry, Proc. Roy. Soc. A (London) 392 (1984) 45 



